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Abstract 



L^' , We consider reversible diffusions in random environment and prove the Einstein relation for 

y I this model. It says that the derivative at of the effective velocity under an additional local drift 

equals the diffusivity of the model without drift. The Einstein relation is conjectured to hold 
for a variety of models but it is proved insofar only in particular cases. Our proof makes use of 
homogenization arguments, the Girsanov transform, and a refinement of the regeneration times 
introduced in [25]. 



m 

v^ 1 Introduction 

\o 

/^ i The present paper deals with diffusions in a random stationary environment, a model for the dynamics 

• I of particles in a disordered medium at thermal equilibrium. This subject has been the object of intense 

(3 ■ research over the past thirty years. In spite of many recent progresses, see [27] for instance, many 

O ■ questions regarding the long time behavior of these processes, such as laws of large numbers or central 

limit theorems, are still challenging open problems. 

We shall only be concerned with reversible dynamics. In this context the idea of the environment 
rS I seen from the particle, as discussed in [13] or [4], provides a powerful tool to adapt the 'corrector 
c^ ■ approach' from homogenization theory and eventually prove invariance principles. One then shows 
that the trajectory of a particle evolving in such an environment, in a large time scale, behaves like 
a Brownian motion with mean square displacement proportional to time, the proportionality being 
expressed by the asymptotic covariance or effective diffusivity matrix E. A good understanding of E 
is thus of primary interest. 

^From reversibility follows a variational formula for the effective diffusivity, see [18] and [12] for 
the discrete and continuous cases, respectively. Many works in PDE or theoretical physics address 
the question of estimating the effective diffusivity. See [7] or [8] for instance. Here we provide a 
completely different interpretation of E as the so-called mobility. 
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In the series of papers A. Einstein devoted to Brownian motion at the beginning of past century, 
see [5], along with the diffusivity matrix, the great physicist introduced another important quantity 
called the mobility. The mobility measures the response of the diffusing particle to a constant exterior 
force. Let us consider the perturbed process obtained by imposing a constant drift of strength A in 
some fixed direction. One would expect the perturbed process to satisfy a law of large numbers with 
effective drift ^(A). The mobility can then be interpreted as the derivative of £(A) as A tends to 0. 
Einstein claimed that the mobility and the diffusivity of a particle coincide. 

This 'diffusivity vs mobility' relation played a central role in Einstein's theory of molecular dif- 
fusivity because it was amenable to experimental verifications and eventually lead to evidences that 
matter is molecular. Since then, Einstein's relation opened the way to important developments both 
in experimental physics, with J. Perrin's Nobel prize, and theoretical physics, with connections to the 
Fluctuation Dissipation Theorem or the Green-Kubo relation. Authors in these fields usually assume 
the Einstein relation, on the basis on heuristics, without being actually able to prove it, see [8] for 
instance. Indeed, only very few rigorous papers investigate the mathematical contents of the Einstein 
relation and finding a general strategy for proving it remained an open mathematical problem for 
years. Note that the mere existence of the mobility i.e. the fact that i{X) has a derivative at A = is 
far from obvious. 

In the case of periodic environments the Einstein relation can be easily checked by direct com- 
putations which are mostly reduced to differentiating the perturbed cell problem on the torus. More 
generally, if the process of the environment seen from the particle has a spectral gap, the Einstein 
relation can be proved by perturbation theory, see [16]. 

The first consistent mathematical approach to the Einstein relation for random environments was 
attempted by J. Lebowitz and H. Rost in [19]. These authors then avoided the difficulty of proving 
the existence of the mobility by considering exterior forces whose strength vanishes as time goes to 
infinity in such a way that the perturbed process still has a limit on the diffusive scale. The mobility 
is then defined as the asymptotic mean displacement of the particle; no derivative is involved and 
this weak form of the Einstein relation does not tell us anything about the effective drift induced by 
a constant exterior force. On the other hand, in this weaker form the Einstein relation holds in the 
general ergodic reversible case. We shall discuss the Lebowitz-Rost theory in more details later, see 
the end of section 2.4. 

More recently, in [15], T. Komorowski and S. OUa proved the Einstein relation for random walks 
with random conductances in dimension higher than 3 and with the extra restriction that conductances 
are only allowed to take two different positive values. Their approach, which is an adaptation of [21] 
to the RWRE case, is quite different from ours and it is not clear how it can be adapted to more general 
models, as for instance random walks on percolation clusters, see [2] and [26]. 

In the present paper, we shall prove the Einstein relation for symmetric diffusions driven by a 
random environment with bounded potential and short range correlations. A more detailed definition 
of the model and precise assumptions are given in part 2. As discussed above, the invariance principle, 
and therefore the existence of the diffusivity, were already known for such models in the eighties. 
The law of large numbers for the perturbed dynamics, i.e. the existence of £( A ) , is ensured by a more 
general theorem of L. Shen in [25] on renewal properties of drifted diffusions in random environments. 
The key issue in proving the Einstein relation is then to show that £(A) has a derivative at A = and 
to identify this derivative with the effective diffusivity of the non-perturbed diffusion. To this end we 
compute the mean position of the perturbed diffusion on the critical scale X^t = 1 . This is indeed the 
scale on which the diffusive and drift components of the perturbed dynamics equilibrate. Thus we 



obtain two different expressions for the mean displacement in terms of either the diffusivity matrix 
E, see equation (3.1), or in terms of £(A), see (5.1). Identifying both expressions gives the Einstein 
relation. 

The proofs combine different ingredients: homogenization arguments and Girsanov transforms, 
- see Section 3 - PDE estimates and a-priori bounds on hitting times for perturbed diffusions - see 
Section 4 - and renewal arguments - see Section 5. All these ingredients had already appeared in the 
literature but, in order to treat the critical scale A^Z^ = 1, we had to refine many arguments and often 
introduce alternative strategies as, for instance, with the regeneration times in Section 5. 

In Sections 2 - 6, we focus only on smooth environments which allows us to use stochastic dif- 
ferential equations. In Section 7, we relax this smoothness assumption and treat the case of (still 
bounded) but only measurable environments, relying on Dirichlet form theory. 

One might hope that our approach could be adapted to apply to other models of diffusions or 
random walks in random environments. 



2 Model and statement of the theorem 

2.1 Diffusions in a random environment 

We shall be dealing with diffusion processes in M^ whose generators are of the form 

=^"/W = \e^'^^')d\.{e-^^"'a-Wf){x) , (2.1) 

where a"^ and V" are realizations of a random environment with finite range of dependence. 

More precisely, our assumptions are as follows. 

Let (^, .g/jQ) be a probability space equipped with a group action of W^ that we denote with 
(x, (o) — )■ x.O). We also assume that the map {x, (o) -^ x.(0 is {l^d x -^, ^)-measurable, where ^d is 
the Borel a-field on R'^. 

Assumption 1: the action (x, co) — )• x.G) preserves the measure Q and is ergodic. 

Let y be a measurable real- valued function on ^ and let a be a measurable function on Q. taking 
its values in the set of real dxd symmetric matrices. Define 

V'ix) = V{x.(o) , o'^ix) = o{x.co) . 

We also introduce the notation 

a« = (a^)2 and b"^ = -diva^ - a^W" . 

^ ^ 2 

Observe that both a'" and b*^ are then stationary fields i.e. o'^{x) = o{x.O)) and b'^{x) = b{x.(o) 
for some functions o and b. 

Assumption 2: for any environment ft), the functions x — )■ V"^{x) and x — )■ o^{x) are smooth. To 
avoid triviality, we also assume that at least one of them is not constant. 

Assumption 3: V is bounded and a" is uniformly elliptic, namely there exists a constant K such that, 
for all ft), X and y, 

K\y\^<\o'"{x)y\^<K-^\y\^. (2.2) 



For a Borel subset F c W\ we define the a-field 

M'f = o{V{x.(o),o{x.(o) : xeF} 

and we assume the following independence condition: 

Assumption 4: there exists R such that for any Borel subsets F and G such that d{F, G) > R (where 
d{F, G) = m{{\x — y\ : x E F,y E G} is the distance between F and G) then 

J^F and J^Q are independent. (2.3) 

Let (Wt : t >0)he a Brownian motion defined on some probability space {W^ ^,^)- We denote 
expectation with respect to Phy E. By diffusion in the environment (o we mean the solution of the 
stochastic differential equation 

dX^ {t) = b'^ (Xf {t))dt + o'^ (Xf (0 ) dWt ; X_f (0) = X . (2.4) 

Then X^ is indeed the Markov process generated by the operator ^^ in equation (2.1). We shall 
denote with P^ the law of X" on the path space C(]R+,]R'^). It is usually referred to as the quenched 
law of the diffusion in a random environment. We will also need the so-called annealed law: 

P,[A] ■.= ldQ{(o)ldP^{w)lA{(0,w), (2.5) 

for any measurable subset Ac Q.x C(R+, M^). 

Expectation with respect to P^ will be denoted with E^ and expectation with respect to P^ will 
be denoted with 'Ej^. 

We use the notation X(r) for the coordinate process on path space C(P ^^^^ 
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2.2 Effective diffusivity 

Definition 2.1 Let E be the effective diffusivity matrix defined by 

e-Ee:= lim -Eo[(e-X(f))2] , (2.6) 

r— >+oo t 

where e is any vector in W^ and x ■ y denotes the scalar product of the two vectors x and y. 

The fact that the limit in (2.6) exists is (almost) a consequence of the Central Limit Theorem for 
the process X under Pq. More is actually known: X satisfies a full invariance principle. Namely: 
for almost any realization of the environment Ct), the laws of the sequence of rescaled processes 
{X^it) = eX{t /e^) ;t>Q) under Pq weakly converge as £ goes to to the law of a Brownian motion 
with covariance matrix E. References on this Theorem include [4], [13], [17], [22], [23] among others. 
The convergence of the variance of the process to E is explicitly stated in [4] formula (2.44). 

The invariance principle also has a PDE counterpart in terms of homogenization theory, see for 
instance the book [12]. Thegenerator of the process X^ under Pf' is the rescaled elliptic operator with 
rapidly oscillating coefficients 

2 ^£^ 2e ^£^ 



Its limit, in the sense of homogenization theory, is the elliptic operator with constant coefficient 

idiv(EV) , 

where E is the same matrix as in (2.6). 

The effective diffusivity E is a symmetric matrix. As a consequence of Assumption 1 on ergodic- 
ity, E is deterministic (i.e. E does not depend on co). Furthermore, due to the ellipticity Assumption 
3, E is also known to be positive definite. 

In general, there is no simple expression of E in terms of C7 or V . (For instance, E is by no means 
the average of a^ !) The proof of the homogenization theorem actually provides an expression of E as 
a function of the solution of a Poisson equation - the so-called corrector approach. Since the operator 
=Sf ® is self-adjoint with respect to the measure e^^^ ^^^dx, there is also a variational formulation of 
the Poisson equation and therefore a variational formula for E itself. We will not need it in this paper. 
Our main Theorem actually gives a quite different interpretation of E as the mobility of X®, see below. 



2.3 Perturbed diffusions 

We shall now consider perturbations of the process X obtained by inserting a local drift in equation 
(2.4). 

We use the following notation. Let ei be a non-zero vector with \e\\ = 1 and A > 0. We define 
X to be the vector A = Xei. We think of ei as being fixed while A is due to tend to 0. We assume 
throughout the whole paper that A < 1 . 

Let us consider the perturbed stochastic differential equation: 

dX^'''{t)=b'^{x}'''{t))dt+a''{X^^''{t))Xdt + a''{x}'''{t))dWt;X^''"{0)=x. (2.7) 

The process Z,: ''^^ is now a Markov process with generator 

^^'^/(jc) = ^e^''''^''^div{e-^^''a''Vf){x) + a''{x)X-Vf{x) 

= l,2V^'"Wdiv(e-2V'^'%'°V/)(;c), (2.8) 

where V '^{x) = V'^{x) — X-x. We shall use the notation P^ '^ for the law of X^ '", fix '" for the 
corresponding expectation as well as P^ and E^ for the annealed probability and expectation defined 
analogously to (2.5). 

Our model is a special case of diffusions with drifts considered by L. Shen in [25] for which 
the author proved a law of large numbers: for almost any environment CO, the ratio X[t)/t has an 
almost sure limit under Pq '®, say ^(A). The convergence also holds in L^(Pq). Moreover £(A) 
is deterministic and A ■ £(A) > 0. Note that the proof strongly relies on the independence property 
Assumption 4. We thus define the effective velocity: 

Definition 2.2 Let A > 0. Let £(A) be the effective drift vector defined by 

£(A)= lim -EJ[X(0]. (2.9) 



By convention £(0) = 0. 



2.4 The Einstein relation 

Our main result is the following theorem. 

Theorem 2.3 The function X — )■ £(A) has a derivative at X =0 which satisfies 

lim|£(A)=Eei. (2.10) 

1^0 A 

This justifies the following definition. 

Definition 2.4 Call mobility in the direction e2 the derivative at X =0 of the velocity ej ■ ^{X). 

Theorem 2.3 and Definition 2.4 can be compared with the main result of [19] where the mobility 
is defined as the mean position of the process X^ under Pq. The authors prove that, as £ tends to 0, 
the law of Z^ under Pq converges to the law of Brownian motion with drift v given by v = Eei . These 
results are consequences of the invariance principle under Pq and do not require any information on 
the asymptotic behaviour of the process under Pq for a fixed X (and indeed the law of large numbers 
of L. Shen was not known at the time [19] was written). 



3 Girsanov transforms 

The aim of this section is to establish Proposition 3.1 below. In this part of the paper we only use 
Assumptions 1, 2, 3. 



Proposition 3.1 Let a > 1. Then 



lim 



E'r, 



A-s>0;f-s>+oo;A-f=a 



m 

Xt 



Ee, . 



(3.1) 



Also 



sup lim sup Eq 

a>l X-^0;r^+oo;A-f=a 



max\X(s) 

s<t 

X^t^ 



< °°, 



(3.2) 



Remark 3.2 Observe that (3.2) directly follows from Lemma 4.5 in the next section of the paper 

Proof of Proposition 3.1 in the case V = 

We first prove Proposition 3.1 in the case there is no potential i.e. we start assuming that V = 0. 

We use Girsanov transforms pretty much as in [19] i.e. the explicit expression of the Radon- 
Nikodym derivative of /q ' " with respect to Pq. 

Let us first recall Girsanov transforms, see [24], chapter VIII. Let X = (Xi,.. .,X^) and Y = 
(Fi , . . . , Yj) be solutions of stochastic differential equations of the form 



dX{t) = b{X{t))dt + o{X{t))dWt ; X(0) = x, 



and 

dY{t) = c{Y{t))dt + o{Y{t))dWt ; 7(0) =x, 

where (Wt : ? > 0) is a Brownian motion and the coefficients o, b and c are subject to smoothness and 
ellipticity assumptions as in Assumptions 2 and 3. Let P^ and P^ be the laws of the processes X and 
Y on the path space C(]R+, W^) . Let #} = o{X{s) \s <t}he the filtration generated by the coordinate 
process up to time t. Then the restriction of P^ to ^t is absolutely continuous with respect to the 
restriction of P^ to ^t and the Radon-Nikodym derivative is given by the Girsanov formula: 

£[F(y([0,r]))]=£[F(X([0,r]))e^W-3<^^W], 
for any time t, for any bounded continuous function F on C( [0, t] , M"^) and where M is the martingale 

M{t)= f\{X{s))-dWs, 
Jo 

(M) is its bracket 

{M){t)= f\^{X{s))\^ds, 
Jo 

and (j){x) = o^^{x){c{x) -b{x)). 

In the next discussion we use the expression "Brownian motion with covariance o^ and drift c" to 
denote any process whose law is the same as the law of {oWt + ct;t>0). 

If we choose o and c constant and b = above, then 7 is a Brownian motion with covariance o^ 
and drift c and (X,M) is a centered Brownian motion (in dimension d+l) whose covariance satisfies 
the following: the covariance of X is a^; E[M{t)X{t)] = ct. Thus the Girsanov formula then has the 
following corollary: let 7 be a Brownian motion with covariance matrix o^ and drift c, then 

£[F(y([0,r]))]=£[F(X([0,?])).^('HW(0], (3.3) 

for any time t, for any bounded continuous function F on C( [0, t] , W^) and for any random process M 
such that (X,M) is a centered Brownian motion, X has covariance o^ and the covariance of X and M 
hE[M{t)X{t)] = ct. 

Applying the Girsanov formula to the processes X'^ and X^'^, we get that, for any ft), 

£[F(Xo^'«([0,?]))]=£[F(V([0,?])).^^«-^<^)W], (3.4) 

where B is the martingale 

B{t)= f a"'{X^{s))e,-dW, 
Jo 

and (B) is its bracket 

{B){t)= f\a''{X^{s))ei\^ds. 
Jo 

In particular, in the range X^t = a, we have 

F[F(Xo^'^([0,r]))]=F[F(Xo«([0,r]))/^(^)-^<^^(^)]. 
We shall need the following easy statement: 



Lemma 3.3 For all a> I and fl > I, we have 



limsup E 



/^«(a 



6/ a \ Mi. 



mfi 



< °°, 



(3.5) 



uniformly in (0. 



Proofof(3.5) 

Assumption 3 on the ellipticity of a® implies that {B){t) < K^h. Therefore 



„Mfi(^)-i^(6)(^) 



< E 



„mAb(^)- 



''i2 



:b){ 



j^' 



,(/i-i 



iMA^ a 



kX^ 



— e 



(M-l)^f 



and (3.5) is thus proved. ■ 

Next we apply a (joint) invariance principle for the process (Xq'^.B^) where X^'^(?) = eX(^(?/£^) 
and B^{t) = eB{t/e^). 

Let us recall some of the ideas of [13] and [4]. 

The process of the environment seen from the particle: {o}{t) = X^(?).a)) ; f > 0) is a Markov 
process under the annealed law, with values in Q.. It is not difficult to check that the measure Q is 
invariant, ergodic and reversible for this process (Recall that V = for now!). 

Given the state of the environment at times and t, say (o{0) and (o{t), one retrieves the position 
of the particle itself by solving the equation z.ft)(0) = (o{t). Note that Assumptions 1 (either V or a 
is not constant) and 4 (independence property) imply that there cannot be more than one solution. It 
also follows from the equality (X(f(?) —Xq{s)).(X){s) = co{t) thatX^(r) is an antisymmetric additive 
functional of the process &)(■). (Antisymmetric means that reversing time amounts to changing the 
signofX(f.) 

The process B is also an additive functional of ft)(-) since it can be written as the difference 



B{t)-B{s) = ei-{X^{t)-X^{s))- j^ei-b"'{X^{u))du 

= ex ■ (X^it) -X^{s)) - f ei- b{(o{u))du, 

see (2.4). 

Sufficient conditions for invariance principles for additive functional of reversible Markov pro- 
cesses that can be applied to Xq or B are given in [13] and [4]. They yield a joint invariance principle 
for«'^5^). 

In order to compute the covariance matrix note that X®(f) is antisymmetric whereas J^ei ■ b{(o{s))ds 
is a symmetric functional of the environment. Thus they are orthogonal under the annealed measure. 
Therefore 

' E[B{t)X^{t)]dQ= I E[{e,.X^{t))X^{t)]. 



and thus the asymptotic covariance of X^'^(l) and B^{\) coincides with the asymptotic covariance 
of X(^'^(l) and e\ ■ Xq'^{\) and equals Eei. 



a ^2^ 



Applying first the Girsanov formula and then the invariance principle, we get that, for any a > 0, 
as A — 7- and t ^ o° with X^t = a, we have 

E 
^E 



^h:^o (tt^);o<^<i 



F (-^N{s) ■,0<s<\\ ,v/^z(i)-f £(Z(1)^ 



(3.6) 



where F is a bounded continuous functional on C( [0, 1] , W^) and [N, Z) is a centered Brownian motion 
of dimension J + 1 with A/^ having E as covariance matrix, and £'[Z(f )A/^(f)] = Heit. We refer to Lemma 
3.3 for the full justification of the passing to the limit in (3.6). Using now formula (3.3), we have: 



We thus conclude that 



eJ 



F\-X{-^s);0<s<l 






s);0<s<l 



^E 



1 



N{s)+Leis;0<s< 1 



i.e., when k^t = a, the law of {{Xt) ^X{ts) ■,0<s< 1) under Pq converges to the law of {-^N{s) + 

Leis;0<s< 1). 

To finish the proof of the Proposition, we need a priori bounds on the moments of \X{t) \ under 
Pq . We shall prove in Lemma 4.5 that 



limsup Eq 



X,(o 



max\X( s)\P' 

s<t 

XPfP 



< oo. 



uniformly in o) and for all p > 1 and all a > 1 . Therefore 



A 



limsup Eq 
A-)-0;f-)-+°o;A-?=a 



max\X{s)\P 
XPtP 



< CO. 



(3.7) 



for all 7? > 1 and all a > 1 and we observe that (3.7) together with the convergence of the law of 
{{Xt)-^X{ts) ; < 5 < 1) under Pj to the law of {^N{s)+Leis-0 < s < I) implies (3.1) and (3.2). 

Indeed we have 

max\X(s)\^ 



s<t ' ' ' ' I A „/ 05 ^ 12 



X^t 



ifi 



maxl— X(— ^i') 
s<\ 'a X^ 



and therefore, with the notation above. 



e;^ 



max|X(j') 

s<t 

X^i^ 



^E 



1 2' 

max\—;=N(s) +Zeis\ 



where we used the function F{w{s) ',0<s<\)= max\w{s)\^ and inequality (3.7) to justify the 
passing to the limit. Finally it is easy to check that 



supE 
a>l 



1 ,■ 

max\—^N(s)+Leis\ 
.v<i \/a 



<^ oo . 



This last line ends the justification of (3.2). Equation (3.1) is proved the same way using now the 
function F{w{s) ; < 5 < 1) = w(l). 

The proof of Proposition 3.1 is now complete in the case V = 0. m 

Proof of Proposition 3.1 in the case V ^ 
We do not assume anymore that V = 0. 
Define V^ and Y^'^ to be the solutions of the stochastic differential equations 



jy«(f) =e-2v»(5'»(%«(y«(^))^^^^-v»(y»(0)^«(yco^^^^^^^. j.«^Q) ^Q^ (3_g^ 



and 



jy^'«(r)= .-2V'»(y^-W)^co(j.A,«^^))^,^^-2K»(r^-W)^«^j.A,co^,))^^^ 



so that the generators of y" and Y '^ are the operators 

^'"/(x) = idiv(e-2v"^a"'V/)(x) 



and 



1 

2 



'•"/W = i^'-^div(.-2V^»a'»V/)(x) 



(3.9) 



where y^'®(x) = y®(x) -X-x. 

Note that these operators are of the same form as ^^ and ^^^^ with V® being replaced by and 
a® being replaced by exp(— 2y*^)a". Thus we may apply the results obtained in the special case of 
a vanishing potential to the processes 7® and Y^'^, in particular F® satisfies the invariance principle 
with some asymptotic diffusivity Y/ and Y '°^ satisfies: 



and 



Fix (O and set 



'1,C0 



Um / E 



sup limsup / E 



y^'®(0 

Xt 



yI ex 



max|y^'"'(5)|2. 



<^ oo . 



A-(,) =|'e-2v«(y»W)^^^ /■ ,-2v(r»(..).«)^,_ 



(3.10) 



(3.11) 
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Then Xq has the same law as the time changed process 7 '^ ( (A") ^ ) . Similarly, if we let 



A^'^rn 



j\-2v'^(y'-'^{s))^^_ 



,X,(S) 



'A,ft)// /i A,ft)\ — 1^ 



then Xq ' has the same law as the time changed process F '"((A'' 
^From Assumption 3, we know that V is bounded and therefore 



A^'"M>cr. 



(3.12) 



for some constant c < 1. Observe that (3.2) immediately follows from (3.12) and (3.11). 
Proofof(3.1) 



Let 



y- 



(0)e 



-2V(a) 



The ergodic theorem for the process V^.Q) implies that A'^{t)/t almost surely converges to 7. We 
need a similar statement for A'^'": 



Lemma 3.4 For fixed a > and any positive T], we have Q-a.s. 

A^'"(0 



r 



>i 



^0, 



(3.13) 



forX^O,t^ +00, X^t = a. 

Proof of Lemma 3.4 

Use the Girsanov formula (3.4) to see that 

A^'®(0 



r 



>! 



1( 



A«(0 



r 



>T])e 



is(0-^(s)(0 



The convergence in (3.13) then follows from Holder's inequality, the bound in Lemma 3.3 and the 
fact that P[| ^ - rl > ^f?] ^ 0. h 

Back to the proof of (3.1), we start with the equality 



E' 



Xt 



SI 



y^'"((A^'")-i(r)) 
Xt 



We have 



a 



< E 

Jo. 



y^'"((A^'^)-i(0) 

Xt 



a. 



y^'"(r/y) 
Xt 



max \Y^'^{s)-Y^^'^{t/Y)\ 

\s-t/Y\<r]t 



Xt 



+ / E 

Jo. 

= 1 + 11. 



■max|y^'®(^) 

s<tlc 



\X,a>\ — l 



Xt 



mA--^)-\t)-t/y\>r]t) 
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(c is the same constant as in (3.12). Note that c < 7.) 
By the Markov property, we have 

rmax|y^'"(^) 

s<2rit 



I<2 E 

la 



Xt 



Now (3.11) implies that, if we let A tend to and then r\ tend to 0, then the contribution of I vanishes. 
Holder's inequality, (3.11) again and Lemma 3.4 imply that, for any r\ > 0, then II also converges to 
as f tends to +00. We conclude that 



lim I \E 



X,a)( { aX,(o\ — \, 



\{A 



t)) 



Xt 



-E 



'X,ai 



t/y) 



Xt 



0. 



and, using (3.10), 



lim E^ 



m 

Xt 



7 



■Tie,. 



1 vffl/ 



The last piece of information missing is the equality E = 7E. It comes as follows: since -^Y"^{t) 

converges in law to a Gaussian random variable with covariance E^ and since yA"(?) almost surely 
converges to 7 then -Kx^it) = ^y®((A®)^^(?)) converges in law to a Gaussian random variable 

with covariance E = |,E^. H 



4 A priori estimates 

In this section, we prove some a priori estimates on exit times that quantify the fact that the process 
j^A,co |g transient in the direction ei . 

For a given realization of the environment, the local drift of the process X® equals b^{X^{t)). Its 
mean under the annealed law vanishes. The drift of X '" has an extra a^{X^'^{t))X term. Since, 
by Assumption 3 (uniform ellipticity), we have ei ■ a"(x)ei > K\ei\'^ ^ for any & and x, one would 
expect X '"^ to be transient in the direction e\, and this turns out to be the case, but we also need more 
quantitative statements on the tendency of the diffusion to go in the direction e\. 

Roughly speaking, we may think of e\ ■ X '"(f) as the sum of a centered term of order \ft and 
a drift term of order Xt. Thus the shortest scale on which we may hope the drift term to dominate 
is X^t > 1 or, in terms of space scale, XL > 1. Up to the value of the constants K"i, K2, c and C, our 
estimates in Lemma 4.1 and Lemma 4.2 are therefore optimal. 

In the following Lemmata, inequalities (4.1) and (4.2) hold true for any environment (O satisfying 
Assumptions 2 and 3. Assumptions 1 and 4 are not relevant in this section. 

We use Tl = mf{t : ei ■ X{t) = L} to denote the hitting time of the hyperplane {x : ei -x = L}, 

LeK. 

Lemma 4.1 There exists constants c > and K"i > that depend on the dimension, the ellipticity 
constant K and the U° bound on V such that for all L, X < \ and for any environment CO, 



P^'«[r_L<H<ce- 



k^XL 



(4.1) 
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Lemma 4.2 There exists constants C and K"2 > that depend on the dimension, the ellipticity constant 
K and the L°° bound on V such that for all L, X < \, t >0 and for any environment CO, 

PQ''^[TL>t]< Ce-'^2A2f+AL_ (42) 

Proof of Lemma 4.1. 

Let u{x) = uijj^i{x) := Px'"^[Tl< T-l]. Then, u solves the elliptic boundary value problem 

^^^'^u{x)=0, -L<eix<L, (4.3) 

where the generator S£^'^ was defined in (2.8), with boundary values 

u{x) = if ei ■ X = — L and u{x) = 1 \ie\- x = L. (4.4) 

We first need the following Lemma, whose proof is deferred. 

Lemma 4.3 Assume A = 1 and u is the solution of the boundary value problem above. Then, under 
Assumption 3, there exists Lq > depending only on K and on the dimension, such that for all L> Lq 

and all (0, 

2 
^W > T for all X with ei- X = 0. (4.5) 

Let X{t) = XX ( p- ] , /^ > 0. Then, {X{t))t>Q is a Markov process with generator 

^'«/(jc) = le2^'"(^/^)div(e-2^"(^/^)a«(jc/A)V/)(jc) + a^(x/A)ei-V/(jc) 

(The advantage of {X{t))t>Q is that we scaled away the drift and we will be able to apply Lemma 4.3). 
Let us consider exit times for (X{t))t>Q. 

Tl = M{t : ei ■ X{t) = L}, ft = M{t : ei ■ X{t) = -L}, 

and 

r±L = inf{r: \ei- X{t)\= L} . 

Then, 

Hence, it suffices to show that for all A,L, ft), we have Pq '^[T_xi^ <°°] < ce^^^^^ which in turn 
is equivalent to 

Po'''[f-L<°°]<ce-'''^, (4.6) 

for all X,L,co. Let Lq be as in Lemma 4.3. We consider the embedded random walk defined as 
follows. Let tl := f±l^^^, r,+i = inf{? > r,- : \ei ■ {X{t) -X{ti))\ = Lq} and St = X,.,i =1,2,..., (and 
Sq = 0). Due to Lemma 4.3 and the strong Markov property of {X{t))f>o, we have 

P^^''[S,+i=S,+Lo]>^. 
13 



Hence we can couple (5,)/=o,i,2,... with a standard random walk with drift (5,)/=o,i,2,... on LqZ with 
iid increments, satisfying /'[5/+i = 5/ + Lo] = | = 1 —P[Si+i = 5, — Lq] and the coupling is such that 
Si > Si for all i. Explicit calculation yields 

P[S, > -mLo, V/] = 1 - — , 



,A,COr" - .,.!,. 1 



and we obtain 

P^'"'[S,>-mLo,\fi]>l 

which implies (4.6). 



Proof of Lemma 4.2. 

Inequality (4.2) is equivalent to the following statement in terms of {X{t))t>o: There exist constants 
C and K'2 > that depend on the dimension, the ellipticity constant K and the L°° bound on V such 
that for all L and t and for any environment to, 

Po'''[fL>t]<Ce-^^-'+^. (4.7) 

Indeed, note that T^j^ = X^T^. 

Take Lq as in Lemma 4.3. Then Aronson's estimate (see [1]) yields that for all x E IT^q := {x : 
-Lo <ei- x< Lq}, 

P^"[|ei-X(l)|>Lo]>r>0, (4.8) 

where 7 only depends on Lq, k and the dimension. Indeed, according to [1], the fundamental solution 
^{x,y, t) of the parabolic operator 

dt — div((3(x)V) —a{x)e\ ■ V 

(or, equivalently, transition probability density of the corresponding diffusion) satisfies the lower 
bound 

^{x,y, 1) > k&i^^{-K\x-y\^) 

with constants ^ > and K> Q which only depend on k and d. The estimate (4.8) is an immediate 
consequence of this lower bound. Due to the Markov property of {X{t))t>Q, estimate (4.8) implies 
that for some constant go (which depends only on Lq, k and the dimension), 

P^^"'[T±u,>go]<Y^. (4-9) 

for all X E ^l^- Define the stopping time t as follows: 

7:=mf{t>0:\ei-iXit)-X{0))\=Lo}Ago. 
Combining (4.9) with Lemma 4.3, we obtain 



X 



e\ ■ X(t) =e\ ■ x + Lq 



> - 
- 5 



(with probability at least ||, the layer {y : \ei- y — ei ■ x\ < Lq} has been left by time ^o. and with 
probability at least |, the exit happens ai {y : ei ■ y = ei ■ x + Lq}). We consider the embedded 
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random walk defined as follows. Let ti := t, ?,+i = to 0j. +r,-, 5/ = ei ■X{tj)J = 1,2,. .. and Sq = 0. 
(Here denotes the shift operator on path space). Hence we can couple (S,) ,=0,1,2,... with a standard 
random walk with drift (S,)/=o,i,2,... on LqZ with i.i.d. increments, satisfying /'[5,+i = Si + Lq] = | = 
1 —P[Si+i = 5, — Lq] and the coupling is such that 5, > S, for all i. It is straightforward to check that 
there are constants K"3 > and c > such that for all n G N and LeM, 

We conclude, by comparison, that we have for all L G M and n G N 

Pq^^'ITll, > ngo] < Pi'^'iSn < LLo] < P[S„ < LLq] < ce-'^3"+^ 

and this implies (4.7). ■ 

Proof of Lemma 4.3. 

Without loss of generality we can assume that V = 0. Indeed, multiplying (4.3) by exp(— 2y®(x)) 

and denoting a{x) = exp{—2V'^{x))a^{x) one can rewrite equations (4.3)-(4.4) in the form 

diY{a{x)Vu)+a{x)ei-Vu = in n, (4.10) 

u{-L,z) =0, u{L,z) = 1. 

with X = (xi,z) and IT = 11^ = {x G M'^ : —L < xi < L}. Under Assumption 3 the matrix a{x) is 
symmetric and satisfies the following elliptic estimates 

K\y\^<a{x)yy<K-'\y\\ ^x^yeR''. (4.11) 

Therefore, it suffices to prove the following statement. 

Lemma 4.4 There is Lq = LqIk^cI) such that for all L> Lq, we have 

m(0,z)>2/3, zeM.'^-^ 

Proof of Lemma 4.4 

Suppose that m(0,z) < 2/3 for some z G W^^^ and some L. Without loss of generality we assume that 

z = 0. The function 1 — m(x) is a non-negative solution of the equation 

div(a(x)V(l - u))+a{x)ei ■ V(l - w) = 0, 

therefore, by the Harnack inequality (see, for instance, [10]) there is a constant C = C(k", J) such that 

1 -m(0,z) > C{K,d){\-u{Q)) > ^C(k, J), z G [-1, lY-\ 

For all z G [—1, 1]'^^^ this implies the estimate 
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N 



< L I \Wu{xi,z)\^dxi<L I e'^\Wu{xi,z)\^dxi, (4.12) 

-L 

where we used Jensen's inequality for the second inequality. Integrating over [— 1, l]"^^^, we obtain 



L 



fdxi f e^'i|VM(;ci,z)pJz>ici(?c,J), (4.13) 

with a constant Ci (fc, J) > which only depends on K and d. For arbitrary sets G C n and functions 
v{x), we write <f (v, G) for the energy of v on G: 



^(v,G) = / e'''a(jc)Vv(x) ■ Vv(x)(^x 



Hence, (4.13) can be rewritten, setting Go = [—L,L] x [— 1, l]'^ ^, as follows: 

S'{u,Go)>^Ci{K,d). (4.14) 

(The value of Ci ( K", 6?) changes from equation (4.13) to equation (4.14).) We will give an upper bound 
for S{u,Gq) which contradicts (4.14) when L is too large. We introduce the following subsets of IT. 

Bo=[-e^'\e^'''Y^\ no= [-L,L] x5o, 

Bj = l-JBQ = 2-^[-e^''',e^'''Y~\ n, = [-L,L] x5„ 

Also, denote 

f 1, ifjci >-L+l, 

uix) = u(xi) = < 

[x + L, if -L<xi<-L+l 

and, writing again x= (xi^z), 

r (1 -dj{z))u{x)+dj{z)u{x), ifdjiz) < 1, 

Vj{x) = < _ 

I u{x), otherwise, 

where 

dj{z) = 2J+^e-^^''dist^d-i{z,dBj), j = 0,1,..., 2d. 

Note that v/ = m in the domain Hj+i. Since vq = w on <9no, we know that 

^(M,no)<^(vo,no). 

Indeed, the functional {S'{v,Ilo) : v G //^(Ilo), v\g^ = "Ln J' attains its minimum at the unique 
solution of the equation 

div(a(jc)Vv)+a(jc)eiVv = in Dq, ^Lno^^l^no" 
Clearly, the function u solves this equation, and the required inequality follows. 
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For X G rio \ Hi we have 

^e''^a{x){{l-do{x))Vu{x)+do{x)Vu{x)}-{{l-do{x))Vu{x)+do{x)Vu{x)} 
+2e''^a{x){Vdo{x)){u{x)-u{x)) ■ {(1 -do{x))Vu{x) +do{x)Vu{x)} 
+e^^a{x)(ydo{x)){u{x) -u{x)) ■ (ydo{x)){u{x) -u{x)) 
Using the convexity of the scalar product, this is 

< {l-do{x))e''^a{x)'Vu{x)-Vu{x) +do{x)e''^a{x)'Vu{x) ■ Vm(;c) 

+2e'''K-'^\Vdo{x)\\u{x)-u{x)\{\Vu{x)\ + \Vu{x)\) 
+e''^a{x){ydo{x)) {u{x) - u{x)) ■ (Vc/qW) {u{x) - u{x)) . 

¥ox X G 111, we have 

^^a{x)VvQ{x) ■ Vvo(x) = e''^a{x)Vu{x) ■ Vu{x). 

After integrating the former inequality over flo \ Hi and the latter over 111, and summing up, we get 

^(M,no)<^(vo,no)<^(M,no\ni) + <f(M,no) 



+4K:^ie"^/^ f e'''\u{x)-u{x)\{\Vu{x)\ + \Vu{x)\)dx 
no\ni 

+4K-ie-2L/rf f e'''{u{x)-u{x)fdx. 



no\ni 
After simple rearrangements this yields, using Holder's inequality, 

^(M,ni)<^(M,no)+4jc-ie-2L/rf f e'''{u{x)-u{x))^dx 

no\ni 

+4K-^e-^/''( [ e''{u{x)-u{x))^dxy^^( f e''{\Vu{x)\^ + \Vu{x)\^)dxy^^ (4.15) 
no\ni no\ni 

Our next aim is to estimate the integrals on the right-hand side of the last inequality in terms of the 
energies of u and u. 
First, we estimate 

[ e'''{{u{x)-u{x)fdx< I e'''{u{x)-lfdx+ I e""' {\ - u{x)f dx. 
no\ni no\ni no\ni 

Since (m — 1) = for xi = L, we have 

L L 

{u{x)-\f = {^j ^^{y,z)dyy <2L j \Wu{y,z)\^dy, 

XI XI 
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where we used Jensen's inequality. Multiplying this bound by e^^ and integrating over the set Ho \ Hi, 
we obtain 

L 

[ e'''{l-u{x)fdx < [ e^'lL I \Wu{y,z)\^dydx 
no\n, no'\ni ^i 

L 

< / 2L f ey\Vu{y,z)\^dydz 

Uo\Ui -XI 

< AL^ f e'''\Vu{x)\^dx (4.16) 

no\ni 

Similarly, taking into account that u^ I only for xi < —L+ 1, we obtain 

/ e''{l-u{x))^dx< f e^iJ;c<(e-l)2^-ie-^e(^-i)^/^=arfe-^, 

no\ni no\nin{xi<-L+i} 

where a^ = {e— 1)2'^'^^. Combining the latter bound with (4.16) yields 

/ e'''{{u{x)-u{x))^dx < aae^^+AL^ I e''\Wu{x)\^dx 
no\ni no\ni 

< arfe"^+4L^K-"^ / e'^a{x)Vu{x) ■Vu{x)dx 

no\ni 
= aae-^ +AL^k-^E{u,YIq\TIi) (4.17) 

In the same way, using \Vu{x) \ = 1{.vi<-l+i}' for the last integral on the right-hand side of (4.15) we 
have 

f e'''{\Vu{x)\^ + \Vu{x)\^)dx<aae-^+A-^E{u,no\ni) (4.18) 

no\ni 
The following bound for S'(u,Hq) is straightforward: 

^{u.Uo) < K-^ f e'''\Vu{x)\^dx< K-^aae^-d. 
no 
^From (4.15), (4.17), (4.18) and the last bound, we derive the inequality 

+AK-^e-^''^{ade-'^+AL^K-^S{u,T\Q\T\x)\ 

< Q,d(e-^+L2e-^/^^(M,no\ni))<Q,4e-^+LV^/'^^(M,no)) (4.19) 

Let us now estimate the energy S'{u,Ilo). To this end we denote G{r,x) =x+ [— r, r^, and notice that, 
by the standard elliptic estimates (see [10]), 

l|VM||L2(G(i,x)nn) <Ci{K,d)\\u\\i^2^(j(^2,x)nu)<C2{K,d) 
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with a constant C2(k", J) which depends only on K and the dimension. This implies the bound 

<^{u,no) < C4(k, J)/e(^-i)^/'' =C4(?c, J)e(2rf-i)L/rf_ 

Together with (4.19) this gives 

^(M,ni) <C5(K,J)L2e(2rf-2)L/rf_ (420) 

In exactly the same way as (4.19), we obtain (for L^ > C5(jc,(i)) 

^{u,n2)<C5{K,d){L^e-^/''E{u,ni) + e-^) <Cs{K,d)L^e^^-^^^/'^. 
Iterating this procedure 2d times we finally get 

^(M,n2d) <C5(K,J)(L4^-2^-^/d^^-^) <C5(k,J)L4V^/^. 

If L is sufficiently large, then this estimate implies the bound 

<S{u,Tl2d)<e-^/^^'^\ (4.21) 

Clearly, for all sufficiently large L we have [—L,L\ x [—1, +1]*^^' C 112^, and (4.21) contradicts the 
lower bound (4.14). We conclude that there is Lq such that for all L > Lq, we have 

m(0,z)>^, VzeW^-^. 
Our arguments also ensure that the constant Lq depends only on K and d. This completes the proof. ■ 

Lemma 4.5 For any p > 1 there exists a constant Co that depends only on p, the dimension, the 
ellipticity constant K and the LT bound on V, such that for all X < I and t > 1/A^ and for any 
environment (0, 

fio'^'f max \X(s)\P] < CoXPtP . (4.22) 

^ 0<s<t 

Proof 

First assume that V = 0. Letting X{t) = XX ( yr ) ,?^ > 0, we reduce (4.22) to the following in- 
equality: for all ? > 1 and for all A < 1, 

E^'"'[msix\X{s)\P]<CotP. (4.23) 

0<s<t 

Denote f, = inf{5 > : \X{s)\ = r}. 

We now rely on Aronson's lower bound for the Green function ^(jc,y, t) of the parabolic problem 

2dtU-div{a{x)VU)-a{x)ei-yU = 0, u\^^^^^=0. 
According to [1], Theorems 8 and 9, for t < 1 and x with \x\ < 1/2 we have 

':^{x,y,t) > kt-''/^exp{-K\x-y\^/t) 
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with constants k> and ^ > which only depend on K and d. This implies the bound 

Po'''[fi>l]>do>0 

which, in turn, yields 

£o''"[e-^']<l-eo (4.24) 

for some Eq > which only depends on k and d. 
We have 

£o^'"[max|Z(.)r]=y^ prP-'P^^''[Tr<t]dr = 

= fprP-'P^^''[e-'^^ > e-']dr<e' J^prP-'E^^''[e-^dr 
Considering the inequality 

f, > fi +7\ o0~ +fi o0~ +... + fi o0~^_^^, 

by the Markov property and (4.24), for all f < 1 we have 

£o'"'[max|X(5)|^]<e' / pri'-^E^'''\e-^']dr <e pr^-^l - eo)^''^dr <C{p,K,d). 

0<s<l Jo U L J J^ 

Using Jensen's inequality and the Markov property again, for all ? > 1 we obtain 

£n''"[max|X(5)|P]< 

<£n''"[( max |X(^)|+ max |X(5)-X(l)| + ...+ max \X(s) -X(\t\)\Y] 

" '-^0<i<l 1<5<2 lt\<S<t VLJ/I/ J 

<(? + l)^-i(£o"''»[max|Z(.)r] +E^^^[maxjX{s)-X{l)\P] 

+ ...+£o^''°[ max |X(.)-X(LrJ)r] 
[fj<i<f 

< C{p, K,d){t+l)P < Clip, K,d)tP. 

Recalling the definition of X, we see that this is equivalent to (4.22). Hence the proof is complete in 
the case V = 0. 

To extend the statement to the case V 7^ 0, we use the time change arguments from the last part of 
the proof of Proposition 3.1. We observe that as in the V = case, the process Y ■'^ satisfies estimate 
(4.22), and due to (3.12), a similar bound also holds for the process X '^. This completes the proof 
of the Lemma. H 

Lemma 4.5 implies the following bound on the effective drift: 

K(A)|<CoA. (4.25) 
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5 Renewal structure 

As already mentioned in the introduction, X satisfies a Law of Large Numbers under Pq. The next 
Proposition is a quantitative version of this convergence. 



Proposition 5.1 



lim limsup 



< 


Xt 


1{X) 
X 



0. 



(5.1) 



The proof of Proposition 5.1 is based on a renewal argument. More precisely, (5.1) follows if we 
can construct a renewal structure such that the interval between two successive renewal times is of 
order 1/A^. 

Our definition of regeneration times is a variant of that in [25] where the construction depends on 
A, whereas in [25] X was fixed. 

We shall also heavily rely on the PDE estimates proved in the previous section of the paper. 

The first issue we have to address is to check that the approach developed in [25] applies to our 
model and does yield the Law of Large Numbers. Besides in the proof of Proposition 5.1 we need 
sharp estimates on the regeneration times. 

5.1 Construction of regeneration times 

We recall that X is chosen small enough. In particular, we assume that j- is much larger than the range 
R in Assumption 4. We shall also need a constant / > 1 chosen so that ce^"^'' < ^ where c and Ki are 
the constants appearing in Lemma 4.1. 

We set R{X) := j. We now follow the construction of [25], replacing R in his construction with 
R{X). For details of this construction, proofs (and for pictures), we refer to [25]. We first have to 
enlarge the probability space by adding an auxiliary sequence {Y]^)k>Q of i.i.d. Bernoulli random 
variables. Denote Br{x) the ball with center x and radius R. Let U^ := B(,i^(^i\{x-\-5R{X)ei), B^ : = 
5^(;t)(^ + 9i?(A)ei),andlet 

7;xit,u^ := inf{5 >Q:X{s)i U""} (5.2) 

be the exit time from U^. We consider the corresponding transition density px to,(/v(i',x,j) which is 
defined by i\ "^[X{s) G G, Texit.u" > i'] = S Px,a,U'{^-:^->y)dy, for all open sets G C f/^. We will need 

G 

the following bound for this transition density. 

Lemma 5.2 There is some 5 > (depending on V, o and d) such that 
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Pi, «,(/-'-( 1 A ,^,j) > 
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R{X)\ 



forallxeR.yeB^ and X <\. 



(5.3) 



Proof 

Again we begin with the case V = 0. After rescaling t/X^ —^ t, {x/X,y/X) — t- (x, y) the required 
bound is an immediate consequence of Theorems 8, 9 in [1]. 

If y ^ 0, then the desired lower bound is an immediate consequence of the following statement: 
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Lemma 5.3 Let a function p{x) and a symmetric matrix {aij{x)} satisfy the estimates 

x<p<x \ x/ < a < x^/, x>0, 

and denote by Gsit^x.y) a solution to the following parabolic problem 

p{x)dtGB{t,x,y) -div^ (a{x)V^GB{t,x,y)) =0, 

(5.4) 
^B\xedB=^^ GB{0,x,y) = 5{x-y) 

with B being an open ball centered at the origin, and y eB. Then for any ball Bq such that Bq C B, 
the following inequality holds 

Gs(l,;c,0)>C forxEBo, (5.5) 

with a constant C which only depends on x, d, B and Bq. 

As in the case V = the estimate (5.3) can be obtained from (5.5) by scaling f /A^ — )■ t, {x/X , y/X) — )■ 

Proof of Lemma 5.3. Enlarging if necessary the ball Bq we assume without loss of generality, that Bq 
contains the origin. 

Consider an auxiliary spectral problem in B 

-div(a(x)V^(x)) = p(jc)v^(x), ^1^^ = 0. 

By means of the minimax principle one can check that the principal eigenvalue Vi satisfies the estimate 
< Vi < Ci . The principal eigenfunction ^i is known to be positive in B. Assuming the normalization 

f'¥i{x)dx=l, 
Jb 

by the Hamack inequality and Holder continuity arguments (see [10]) we conclude that 

^i{x)<C2 in 5, ^i(jc)>C3 in5o, (5.6) 

where the constant C\ and C2 depend only on x, d and B, and C3 also depends on Bq. Clearly, the 
function e^^^'m\[x) solves problem (5.4) with the initial condition ^1. Therefore, 

e-''''^^>i{x) = [ GB{l/2,x,y)^'i{y)dy. 
Jb 

Making use of (5.6) and the upper bound for Vi we derive the inequality 

f GB{l/2,0,y)dy>C4. 
Jb 

Considering the symmetry of the operator with respect to the weighted measure pdx, we have 
p (x) GB{t,x, y) = p (y) GB{t,y, x) . It readily follows from the results of [ 1 1] that the function G( 1 /2, y, 0) 
satisfies the upper bound Gs(l/2, j,0) < C5 in 5 with a constant C5 which only depends on K and d. 
Consequently, there is a smaller ball Bi centered at the origin, Bi C B, such that 

GB{l/2,y,0)dy>C4/2, 
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the radius of 5i depends only on B, K and d. This yields 

supGs(l/2,);,0)>C6. (5.7) 

yeBi 

Without loss of generality we suppose that Bq C Bi. 

According to [11, Theorem 1-5], the function Ge(l,y,0) satisfies the following version of the 
Harnack inequality in 5i : 

inf G5(l,);,0) > C7(x, J) sup Gb(1/2,3;,0). 
je-Si yeBi 

This estimate combined with (5.7) yields (5.5). This completes the proof of Lemmata 5.3 and 5.2. ■ 

Due to (5.3), we can give the following coupling construction. Let {<^t)t>o be the filtration gen- 
erated by {X{t))t>omdy,n ■.= o{Yo,...J,„). 

We denote 0^ the rescaled shift operator defined by 

0,J((X(^),>o) = (X(A-2m-f5)),>o. 
These shift operators Q^^,mE N, are extended in the obvious way: Q^{{X{s))s>q, (JA:)yt>o) = ((^(A^^m + 

■^)).s>0, (^ra+/t)yt>o)- 

Proposition 5.4 There exists, for every X, ft) and x, a probability measure Px ' on the enlarged 

probability space such that, with 8 from (5.3), 

(i) The law of{X{t))t>o under P^ ' is Px ' , and the sequence {Y]^)k>Q is a sequence ofi.i.d. Bernoulli 

variables with success probability 5 under Px ' . 

(//) Under Px '^, {Yn)n>m is independent of^^-i^ x =5^m-i, and conditioned on ^x-2yn x '^m, X o 0,^ 

has the same law as X under P^'t^-o \ y . where Pxj denotes the conditioned law Px' [■ | Jo = y]> (for 

ye {0,1}). 

(Hi) P^ f -almost surely, X(t) E U"^ for t E [0, A^^] and the distribution ofX{X^^) under P^ '^ is the 
uniform distribution on B^. 

We refer to [25] for the proof. 

We will now introduce random times N]^ E A^^Z+ for which J^^a?,. — 1 ^^id for which the process 
(ei ■X((t))t>Q essentially reaches a local maximum (within a variation ofR{X)). The first regeneration 
time l\ will be the first time Nk + X~^,k > 1 such that (ei ■X{t))t>o never goes below ei ■X{Nk + 
A^^) —R{X) after Nk + X^^. In order to define N^, we will first consider stopping times N^ E A^^Z+ 
which are essentially the times when (ei ■X{t))t>o reaches local maxima (also within a variation of 
R{X)). Then, M will be the first Nk with Y^2ji^ = 1. 

Let 

M{t) := sup{ei ■ {X{s) -X{0)) ■.0<s<t} (5.8) 

For a> 0, define the stopping times V^{a),k > 1, as follows. Recall that Ti = inf{? : ei ■ X{t) = L}, 
and define 
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here and later on \r\ x stands for the min{n gA Z:r<n}. Then 

Nl{a):=mi\\vt{a)\^:k>Q, sup ey {x{s) -Xiy^{a)) 



<^>, (5.10) 



Nl^,{a)-=NK^m^))^Ql2^^^^+Nl{a), k>\, (5.11) 

N^{a) :=inf{7V,^a) ■.k>\J^,^,^^^ = l} , (5.12) 

(we will see later that N^{a) < o°, for all k). The random times X N^{a) are integer- valued and 
sup ei ■ {X{s) —X{N^{a))) < R{X). We next define random times 5i,7i and7?i as follows. 

S^=A^f(3A7?(A))+A-^ J^:=si + T_j,(^x)°e^,^,, R^ := \J^]x = S^ +Do9^,^,, (5.13) 

where 

D:=\T_j,^X)]x- (5.14) 

Now we proceed recursively: 

Nt+i =Rt +A^f K) o e^oA with a, = A(M(4) -ei ■ (X(4) -X(0)) +i?(A)) (5.15) 

k 

and 



-^/t+i :-^/t+i+^ ' h+\'--Sk+i+T[n^l)oe^,^^ , i?^^i :- [7^_^i];^ =5^_^i+Do0^2 



k+\ '^ ^k+\ 



Note that for all k, the I^t x ^^A^ffl " stopping times X^N^ , ^^^k ^'^^ ^^^k ^^ integer- valued (the 
value +00 is possible). By definition, we have X^^ < N^ < S^ < J^ < R^ < N^ < S^ < j} < R^ < 
N^ ... <oo. The first regeneration time Ti is defined as 

Ti :=inf{S^:5^<oo, i?^=oo}<oo. (5.16) 

By definition, X^Xi is integer- valued and Ti > 2X^^ (since N^ > X^^). We see that on the event 
Ti < oo it holds 

ei -Xis) < ei ■X{xi-X^^) +R{X) < ex ■X{xx)-1R{X), for 5 < X\-X^^, P^'"-a.s., 

see also Proposition 5.4, i.e. (^(i')),5<ti-i-2 remains in the halfspace {z G M^ : ei ■ z < ei • -^(ti) — 
lR{Xy\. On the other hand, since the process (ei ■X(r))/>o never goes below e\ ■X{x\) —R{X) after 

Ti, ^'^''^-a.s., {X{t))t>ri remains in the halfspace {z G M'^ : ei -z > ei ■X(ti) -R{X)}. 

In [25], it is proved that Ti < 00 if and only if the process is transient in direction ey More 
precisely, define the annealed law 

Fi[A] ■.= JdQ{(0)JdPt''{w)lA{(0,w). (5.17) 
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Proposition 5.5 The following statements are equivalent: 

0' 



(i) Ti < oo, P^-a.5. 



(ii)ei-X{t)^<^,¥'^-a.s. 
(Hi) Pj [D = oo] > 0. 

For the proof, we refer to [25], Lemma 2.3 and Proposition 2.7. Later on we will need stronger results 
than those of Proposition 5.5 involving sharp bounds on Ti as A — )■ 0. 

We set To = for convenience. The next theorem (Theorem 2.5 in [25]) gives the renewal structure 
which is crucial to establish (for fixed values of A) the Law of Large Numbers and the Central Limit 
Theorem. 

Theorem 5.6 Assume that Ti < °°, Pg-a.*. Then, under the measure Pq, the random variables 

Zk := {{X{{Xk + t) A {Xk+i-X-^)) -X{Xk))t>Q,X{Xk+\) -X(t^), T^t+i - ^^t) ,fc > are independent. 
Furthermore, the random variables Z^^, k>\, are i.i.d. under Pq and have the same law as Zq under 

Pj[-|D = oo]. 

Note that the renewal structure is proved for the trajectory between the times Xk and Tyt+i — A^^, 
but we have a good control over the trajectory between the times Xk+i — A^^ and Xk+i '■ since 
Y^2^ -1 = 1' then X{s) G U ^k+i-^/^-^ for all s G [Xk+i — A^^, T^+i], i.e. the trajectory remains in 
a ball of radius 67?(A). 

Let 

is: = inf{yt> 1 : 5^ <oo andi?J=oo}. (5.18) 

Then Xi = 5^. The points X{S^),X{S2), ■ ■ ■ are ladder points of the process. The idea of such 
a decomposition of the path goes back to [14] and was first turned effective for multi-dimensional 
random walks in random environments in [28]. 

Lemma 5.7 The following statements hold: 

(i) 5j is Pq -almost surely finite and, for all k, S^ is Pq -almost surely finite on the event R^_ ^ < °o. 
(ii) Xk is Pq almost surely finite for all k> 1. 
(iii)E^[Xk\ <ooforallk> 1. 

Proof Part (i). Due to Lemma 4.2, V^{a) < o°, P^-a.s for all k and all x. We have (as in Lemma 
5.2 this is a consequence of the Aronson-Nash lower bounds for the Green function of a parabolic 
equation) 

max \ei-X{s)\<^^^^ 



inf inf infP^'" 

l<lxeRd CO 



j<\/X^ 2 



5>0, (5.19) 



and this implies that A'^ (a) < oo for all a, k, P^-a.s for all x. Due to Proposition 5.4, we conclude that 
A^^ (a) < oo for all a, k, P^-a.s for all x. 

Part (ii). It follows from Lemma 4.1 that under proper choice of / in the definition of 7?(A), the 
following bound holds 

pj [K=l\= Pj [i?f = oo] > 1 - ce^'^i' > - . (5.20) 
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Lemma 4.1 and the Markov property applied at time 5^_|_j also imply that 

Po[4+i=H4<H>^- 

Thus we get that 

Fi[K>k]<2-''+^ (5.21) 

and 

^[K = oo]=0. 

Together with part (i), this implies part (ii). 

We now turn to part (iii). The next lemma gives a bound for the tail of the random variable Ti, which 
will be sufficient to guarantee that Ti has finite expectation under Pq . 

Lemma 5.8 There exist constants C3 > and C4 > such that 

for allX<l and t > 0, Pj [ti > A^^r] < c^e^''^' . (5.22) 

The same tail bound holds for the differences T^+i — T^kfor all k> I: 

for allX<\ and t > 0, Pj [t^+i - Tk > ^^^t] < c^e^'^' . (5.23) 

Proof of Lemma 5.8. It suffices to show (5.22). Then, (5.23) follows since 

^[Xk+x-Xk>X-h]=^[x,>X-^t\D = ^] 

(see Theorem 5.6) and Pq [D = 00] > i, see (5.20). To show (5.22), we claim that the following 
stronger statement holds: There exist constants C3 > and C4 > such that for all A < 1, f > and 
all CO, 

Pq'^'Ixi > X-h] < c^e-'^'. (5.24) 

Since one can follow the proof of Corollary 4. 10 in [25], we give only a sketch of the proof of (5.24). 
Step 1 (corresponds to Proposition 4.7 in [25]). Recall (5.8). There exists a constant C5 > such that 



sup^o^'^ [cxpicsXei ■M(r_^(;L)))l(7^-i^(A) <-)]<-■ (5.25) 



Proof of (5.25): Due to Lemma 4.1, ^^''"[Aei ■M(r„^(2)) > ^^^^(A) < °°] < ce-'^i('+') and this 

implies (5.25). 

Step 2 Follow the proof of Theorem 4.9 in [25] to obtain that there is a constant C6 > such that for 

alU<l, 

sup^Q '® [exp(c6Aei -Xr^)] < 00. (5.26) 

CO 

Step 3 Take t > ^ and u = ^t where K2 is the constant from Lemma 4.2. Then, 

Po'''[xi>X-^t]<P^^'"[xi>X-^t,ei-Xr^ <X-^u-3R{X)]+PQ'''[ei-X,^>X-^u-3R{X)]. 

(5.27) 
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Due to Step 2, the second term on the r.h.s. of (5.27) is < e ''^" for some C] > 0. Turning to the first 
term in (5.27), note that since 

supei-(X,-X,,)<3i?(A), 

see the definition of t/^ and 5^ before(5.2), P^'®[ti >A-2?,ei-Z^i <A-iM-3i?(A)] </'o^''°[7\-i»> 
A~^f] < Ce^'^^'^", where the last inequality comes from Lemma 4.2. ■ 

As mentioned before, the regeneration structure implies a law of large numbers for fixed A . 
Proposition 5.9 We have, for each A > 0, 

X(t) i^[X(T2)-X(Ti)l ; 

lim ^i = " L; ' ^^ P^ a.s. (5.28) 

'^- t Ej[T2-Ti] 

As a consequence, 

eJ [X(t2) -X(ti)] = eJ [t2 - Ti] £(A) . (5.29) 

Theorem 5.6 implies, with the ergodic Theorem, that if Eq [t2 — Ti] is finite, then lim — ^ exists, 
Pq -a.s. and (5.28) holds true. Once again, we refer to [25] for the details. ■ 

5.2 Estimates on the regeneration times 

We now show that under Pq , Xi and T2 — X\ are of order A ^^. More precisely. 
Lemma 5.10 We have 

limsupA^Ej[T?] <oo and limsupA4Ej[(T2-Ti)^] < 00. (5.30) 



As a consequence. 



limsupA^EjfTi] <oo and limsupA2Ej[T2 - Ti] < 0°, (5.31) 



and 



limsup ^Q^ 1^ <oo and lim sup Jg, i^<oo. (5.32) 

A^O EJ[Ti]2 1^0 EJ[T2-Ti]2 

Proof 

Observe that (5.31) directly follows from (5.30) and Holder's inequality. 

To deduce (5.32) from (5.30) it suffices to prove a lower bound on Eq [ti] (or Eq [t2 — Ti], respec- 
tively) of the order A^^. But note that, since Ti > Tijx, we have 

A^Ejin] > Pj[Ti > A-2] > pj[7]/;, > A-2] . 
We next use the Girsanov formula (3.4): 

pJ[7}/;l > A-2] = JE[\{Ti,x > A-2)/«(^)-^<«)(^)] 
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Thus the invariance principle implies that this last quantity has a positive limit: namely it con- 
verges to £'[1(7/ > l)e^^2^(^'')] , where Z is some Gaussian random variable and 7} is the hitting time 
of level / by some Brownian motion. This last expectation cannot be 0. The same argument applies 

to T2 - Ti . ^ 

Proof of (5.30): due to (5.22), we have Pj[Tf > tX-^] = pJ[ti > y/tX-^] < c^e-'^^' . In the 

same way, due to (5.23), we have Pj [ [xj -Xif> tX^^] < cae"'*^, and (5.30) follows. ■ 

We can now show the corresponding bounds for the regeneration distances. 



Lemma 5.11 We have 



and 



limsupA^Ej [|^('^i)P] < 



limsupA^E^ [|X(T2)-Z(Ti)r] < 



We note for further reference that, as a consequence of (5.33) and (5.34), 

1 -■ -29A 



sup-^limsupA^E^ n^('^/t)| 1 < 
k k^ A^o 



Moreover, note that due to (4.25), 



1^(^)1 
limsup — - — < oo. 

X 



A^O 



(This also follows from (5.34) together with (5.29), (5.31) and (5.32)). 
Proof of Lemma 5.11 To show (5.33), note that 



eJ[X(ti)2] = Y,¥}Q[X{xif\{k<X^x,<k+\)\ 

k=Q 



k=0 



< 2£(eJ 



k=0 



max \X(t)\h(k<X^Xi 

f<(fc+l)/A2 

,1/2 

max \X(t)\'^ 
f<(fc+l)/A2 



Pq [^^i > k] 



1/2 



< 2£(A 

k=0 



k+l 



c-ie 



—c^k 



1/2 



<csX 



-2 



(5.33) 



(5.34) 



(5.35) 



(5.36) 



for some constant cg > 0, where we used (4.22) and (5.22). Now, (5.34) follows from (5.33), since 

Ei[\X{x2)-X{x,)\']=m\X{x,)\'\D = oo] 

(see Theorem 5.6) and Pj [D = oo] > i, for all X, see (5.20). 
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5.3 Proof of Proposition 5.1 

Let 



nit) :- 



EJ['^2-Ti] 



We write 

We will show that 

and that 



X(0=X(t„(,)) + (X(0-X(t„(,)). 



lim lim sup 



lim lim sup 



A^>0 ;r^>+«3 ; A2/=a 



l^i[xiM,)]-'-f 



1eJ[x(0-x(t„(, 







0. 



(5.38) and (5.39) then imply 



lim lim sup 



a^+oo 



X^O;t^+<xy;X~t=a 



E'r, 



Xt 



i{X) 



i.e. Proposition 5.1. 

To show (5.38), note that (recalling Tq = 0), 



i.i5|X(.„,„)]-W 



1 ^. 



■,7(0 

£(X(Tfc)-X(T,_i)) 
k=l 



i{X) 



Using formula (5.29) in Proposition 5.9, we rewrite and estimate the r.h.s. of (5.41) as 

i{X) 



IeJ [X(Ti)] + ^ in{t) - l)Ej [X(T2) -X(Ti)] - 



1 

It 



< 



^Ej [X(Ti)] 



+ 



£(A) /EJ[T2-Ti] 



A 



lEJ[T2-Ti] 



A 



(5.37) 
(5.38) 

(5.39) 
(5.40) 



(5.41) 



(5.42) 



Due to (5.33), the first term in the right hand side of (5.42) is of order a ^ and therefore satisfies 



lim lim sup 



a^+oo 



l^O;t^+°°;^^t=a 



Xt 



Ej[X(Ti)]|=0. 



Now consider the second term in (5.42). ^From (5.31), we know that Eq [t2 — Ti]/? is of order a ^ . 
Therefore 



lim lim sup 



EJ[T2-Ti] 



a^+oo 



X^O;t^+'x>\Xh=a 



Ej[T2-Ti] 



1 -1 =0. 



We also proved in (5.36) that -\^ remains bounded for X tending to 0. Hence we see that the second 
term in the right hand side of (5.42) also tends to 0, thus proving that (5.38) holds true. 
To show (5.39), we need the following lemma, whose proof is deferred. 
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Lemma 5.12 We have, for each e > 0, 



lim lim sup Pq [| t„m -t\>et]=0. 



(5.43) 



We will split the integration in (5.39) according to the partition in the two events {|T„(f) — t'\> £t} 
and {(1 - e)r < Tf^M < (1 + £)0- We will show that, for each £ > 0, 



lim lim sup 



Xt 



iJ[(X(r)-X(T„(,))l(|T„(,)-?|>£? 



0, 



(5.44) 



and that 



lim lim sup lim sup 



-E^ [(X(0-X(T„(,))l((l-e)r< T„(,) < (l+e)0] 

To show (5.44), we use Holder's inequality to get that 

iJ[(X(0-X(T„(,))l(|T„(,)-r|>er: 



0. (5.45) 



<e;^ 



< 



1 1/2 

1/2 



1/2 



1/2 



(for the last inequality, we used the formula {x — y)^ < 2{x^ +y^))- Now, we conclude with (3.2), 
(5.35) and Lemma 5.12. 
For (5.45), note that 

eJ [(Z(0-X(T„(,))l((l-e)?< t„(,) < (l + £)r)] 



<e;^ 



max \X{u)—X{s) 

(l~£)t<U<S<(l+£)t 



<2E^ 



max \X(u)-X((l-£)t) 

[l-£)t<ii<{l+e)t 



Using the Markov property, we see that the last term equals 



g(A,£,0:=2Ej 



max \X{u) 

ii<2et 



Due to (3.2), for each e. 



sup lim sup — <oo, 



ae>l A^0;r^+oo;A2e/=a 

and this proves (5.45). 

It remains to prove Lemma 5.12. We first show 



Xet 



Lemma 5.13 For all e > 0, 



Pn 



T^-A:EJ[T2-Ti] >£fcEj[T2-Ti 



— )■ for /: — )■ oo , 



(5.46) 



uniformly for X < 1. 
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Proof of Lemma 5.13. 
We have 



Pn 



^-EJ[T2-Ti] >eiJ[T2-Ti] 



< 



< 



1 



e;^ 



£2eJ[T2-Ti]2 

1 

it2e2iJ[T2-Ti]2 



|-Ej[T2-Ti: 



E^ 



e;^ 



yt2e2]Ej[T2-Ti]2 '^° 



Ul -iJ[T2- Ti] + £ (t;- T,-i -EJ[T2 - Ti]) j 
Ti - EJ [T2 - Ti])2j + £ EJ (Xj - T,_i - EJ [T2 - Ti 



where we used the independence property stated in Theorem 5.6. But the last term equals 

1 



/:2e2Ej[T2-Ti]2 

k-l 



EJ [Xl] - 2EJ [Ti]EJ [T2 - Tl] + EJ [(T2 - Ti)2]) 



e;^ 



fc2e2Ej[T2-Ti]2 " 



T2-Ti-EJ[T2-Ti; 



and we conclude, using Lemma 5.10. 

Finally, Lemma 5.12 follows from Lemma 5.13 by taking k = n{t): due to (5.31), 
lim„^+^limsup;^^o.,^+^.;^2j=„n(0 = oo and 



lim 



limsup -_m^lZ^^^, 



A^O ;r^+<» ; A^f =0! 



To see that (5.47) holds true, note that 

2Tn'A 



l- '^°|?,"''' |<"(')E^te-x.l<r 



and use (5.31). 



(5.47) 



6 Proof of the Theorem 

Combine (5.1) with Proposition 3.1. 



7 Extension to measurable coefficients 

Here we explain how the approach developed in the previous Sections of the paper can be extended 
to deal with measurable coefficients. Thus the assumptions in force in this Section are Assumptions 
1, 3 and 4 that remain unchanged and Assumption 2 is replaced by the following weaker statement: 
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Assumption 2': for any environment o), the functions x — )■ V'^{x) and x — )■ o^{x) are measurable. 

In such generality, it is not possible to use stochastic differential equations to define the processes 
X^ or X '^ anymore so that our first task is to give an alternative construction. 

In the following discussion we fix an environment co satisfying assumptions 1, 2', 3 and 4. The 
case A = is included. 

Let p^''^{t,x,y) be the kernel associated to the operator ^■^'® in equation (2.8), or, in the case 

A = to the operator ^"^ in equation (2. 1) now understood in weak distributional sense and let T^ ' '^ 
be the corresponding semigroup 

T,'^^'"nx)=Jp^^''{t,x,y)f{y)dy. 

It follows from Aronson's estimate (see [1]) and Harnack's inequality (see [10]) that Tf ' maps 
continuous functions vanishing at infinity to continuous functions vanishing at infinity. For such 
functions we also have limf^o^r '^fi^) = fi^) for ^U ^- Thus Tj '® is a Feller semigroup and it 
follows from [6] Theorem 2.7 that there exists a conservative Hunt process with continuous paths 
whose semigroup is T '^. We denote its law on path space C(M+,M'^) with P^ ''^ and E^ ''^ for the 
corresponding expectation. Observe that P^ ''^[X{0) =x] = 1 for all x. 

It is proved in [20] Proposition 1 that, for almost all co's, under Pq, the canonical process satisfies 
an invariance principle with some effective diffusivity matrix E. It follows from Aronson's estimate 
that E is also the asymptotic covariance so that Definition 2.1 goes through. 

On the other hand all statements in Section 4 as well as Lemma 5.2 in Section 5 were proved 
under Assumption 2' only. Thus the construction of regeneration times we gave in Section 5 and all 
the upper bounds on Ti are still valid with measurable coefficients. Therefore we see that the law of 
large numbers is satisfied Q almost surely under Pq '" for all positive A and Definition 2.2 can still be 
used as the definition of the effective drift. 

Having defined the effective diffusivity matrix and the effective drift we claim that the Einstein 
relation stated in Theorem 2.3 holds true with Assumption 2 being replaced by Assumption 2'. 

The main difficulties in extending the proofs of the previous sections to measurable coefficients 
appear in justifying the Girsanov transform and time change arguments from Section 3. Following 
[20], in order to do it we shall appeal to Dirichlet form theory, as exposed in [9], and related stochastic 
calculus for Dirichlet processes. Observe that a direct application of Dirichlet form theory a priori 
only provides information under P^ ' for all CO but only for (Lebesgue) almost all x (in fact for quasi 
all X but we won't use fine topological notions here) and therefore, as a consequence of the translation 
invariance of Q, under Pq '^ for almost all ft). Therefore most claims in Sections 3, such as Lemma 
3.3 or formula (3.4), should now be understood 'for Q almost all ft)'s'. We let the reader convince 
herself that this does not affect the proofs. 

We use the notation px (x) = e for A > 0. Let L^ip^) be the space of square integrable functions 
with respect to the measure p'j^{x)dx. Define //i(p^) to be the space of functions in L?{pi) whose 
gradient is also square integrable with respect to the measure p^ (x) dx. Let 

'^^'"(/,/):=^/|cT^WV/Wpe-2^"WpAW^^- (7.1) 

Then (<f '®,//i(p^)) is a regular Dirichlet form. We claim that 
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Lemma 7.1 ((l'^'",//i(pj)) is the Dirichletform of the semigroup T^'^ on L^{e^^^-''-^^'"^''Ux). 

(Note that this fact is already used in [20] but without justification.) 

Proof 

We first observe that T ''^ is indeed a strongly continuous symmetric semigroup on I?{p^). 

Let t > and define the approximating bilinear forms 

^"^•'"(Z,/) := )/(/W -r^«/W)/We-2V'^Wp2W Jx. (7.2) 

A function / belongs to the domain of the Dirichlet form associated to the semigroup T^'^ if and 
only if (3'^'^' "(/,/) is bounded in t and the limit as t tends to is then the value of the form, see 
Lemma 1.3.4 in [9]. 

A straighforward integration by parts shows that, as t tends to 0, then S"'' '^{f,f) converges to 
^^ ''"(/,/) on the L^ domain of the generator ^^''", say ^^'". Since the function t -^ c?''^ ''"(/,/) 
is decreasing, it implies that 

^^'^'"'(/,/)<^^'"(/,/) 
for / G ^'^'". This inequality extends by density to all functions in //i(p^). Thus we have proved 
that the Dirichlet form of the semigroup T'^'^ is well defined and coincides with S'^''^ on H\{p^) or, 
in other words, that it is an extension of the form (<f'^'®,//i(p|)). But since (c?'^'",//i(p|)) is its 
own maximal Markovian extension, see Theorem 3.3.1 in [9], both forms coincide. ■ 

^From now on we will drop the superscript A from the notation when A = 0. We now consider 
properties of the canonical process X for a fixed environment co and under Pf for almost every 
starting point x. The function (^{x) = e\- x locally belongs to the domain of the Dirichlet form iS^ . 
From Theorem 5.5.1 in [9] we deduce that e\ ■X{t) — ei ■X{0) is a local Dirichlet process under P^ 
for almost every starting point x. Thus ei ■X{t) — e\ ■X{0) admits a unique Fukushima decomposition 
as the sum of a local martingale, say B, and a process of locally vanishing quadratic variation. The 
bracket of 5 is given by Theorem 5.5.2 in [9] and satisfies 

{B){t)= f\o"'{X{s))e,\^ds. (7.3) 

Jo 

By assumption 3, we have {B) (t) < K^^t. Thus we see that in fact 5 is a square integrable martingale. 

By the same argument the exponential local martingale e'^^(')^^\^/(0 js also seen to be a martingale 
for all ji and one proves as in Lemma 3.3 that 



mAsW-4^(s)W 



<e(M-i)^i^ (7.4) 



for every CO and almost all x. Note that the translation invariance of Q then implies that (7.4) also 
holds for almost all O) with x = 0. 

We now justify the Girsanov formula: 

Proposition 7.2 For any environment (O, for almost any x, any t and any continuous bounded function 
F we have 

£^«[F(X([0,r]))]=£f[F(X([0,?])).^^W-^<^)«]. 
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The translation invariance of Q then implies that for almost all environments 

for any continuous and bounded function F and we have obtained the almost sure version of the 
Girsanov formula (3.4) that is sufficient to proceed through the proofs of the previous Sections. 

Proof 

We would like to invoke Theorem 3.1 of [3] but unfortunately does not belong to L^ so that 
some work is needed. 

Let Gn be the ball centered at the origin with radius n, and let ^„ be the exit time from G,,. 

We shall first prove that 



2 



Using the bound (7.4), it is then possible to let n tend to infinity and deduce Proposition 7.2 from 
(7.5). 

Choose a function ^„ that coincides with <^ on G„, is smooth and has compact support. Let M„ 
be the martingale part of the process 0„(X(?)) — 0„(Z(O)) in its Fukushima decomposition under P^, 

and letZ„(0 := e^^'-W-^<^«^W. 
Define 

Then Q"' '" defines a strongly continuous Markovian semigroup on l?{dx). We need the following 
Lemma 7.3 The Dirichlet form of the semigroup Q"" '"^ acting on L^(e2'^"(^)^2^'"Wjx) is 

i||a"(;c)V/(;c)^2<^«W-2V»(x)^^^ 

with domain H\ (dx). 

Proof 

The Revuz measure of the positive continuous additive functional (M„) is |Vo''"(x)0„(x)pJx 
which is easily seen to belong to the Hardy class since the gradient of 0„ is uniformly bounded. 
Besides condition (3.8) in [3] is fulfilled whenever V^„ is uniformly bounded. Thus Theorem 3.1 of 
[3] applies. We get that the quadratic form of the semigroup 2"' '" acting on L?{e^^^'^^'^^dx) is 

^nif.g) := ^|a^(x)V/(x).a^(x)V^(x)e-2^'^Wjx 

- |g(x)cJ«(x)V/(x)-CT«(x)V<^„(x)e-2^'"Wjx, (7.6) 

see formula (3.3) in [3]. 

We now use the same approximating sequence as in (7.2); see also the explanation on page 242 of 
[3] . We then know that for all functions f,gEH\ (dx) 

^„(/,g) =limi /(/(x)-er'^'«/(x))g(x).-2v»W^^_ 
f^O t J 
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Applying this formula to the function ge^*^" and using (7.6), we deduce that the Dirichlet form of the 
semigroup Q"'^'"^ acting on L^{e^t>"^-'^-^^'"^-'Ux) is 



lunU{f{x)-Q';''^-f{x))8{x)e^^'-(^^e-'^'"^^Ux 
f->0 t J 

lg{x) a^{x)^f{x) ■ (j^(jc)V<^„(x) e20„W-2V»W ^^ 



We can now conclude the proof of Proposition 7.2. 

Comparing the expression of the Dirichlet form generated by 2" ' ' we just obtained with for- 
mula (7.1) for S '^ and observing that ^„ = ^ on G„ we see that the parts of both these Dirichlet 
forms on G„ coincide. Clearly B and Mn also coincide up to time C,n- Thus we obtain (7.5). ■ 

Finally we should say a word about the time change argument used in the proof of Proposition 
3.1 in the case V 7^ 0. Define 7"^'" to be the Hunt process with Dirichlet form (f?'^'"',//i(p^)) 
with reference measure p^{x)dx. Theorem 6.2.1 in [9] implies that the process obtained by time 
changing 7'^" through the additive functional A '®(?) = /Qg^^*^ (^ (^-'^ J5 admits as Dirichlet form 
[S" '^ ,Hi (pi)) with reference measure e^^^ P^ {x)dx = e2Ax-2V (a) ^^ j-j^^j-^ j^^j. almost any initial 
points, the law of F'^'® o (A^'")"i coincides with^i"®. 



Acknowledgement: we thank J.C. Mourratfor his careful reading of a preliminary version of the 
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